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A connected graph G having at least 2n+2 vertices is said to be n-extendable if 
it contains a matching of size II and every such matching is contained in a perfect 
matching. M. D. Plummer posed the problem of determining the smallest integer 
p(Z) such that no graph embeddable in the surface .Z is p(Z)-extendable. We call 
p(Z) the matching extendability of L and show that if C is not homeomorphic to 
the sphere then p(L) = 2 + L-J where x is the Euler characteristic of Z. In 
particular, no projective planar graph is 3-extendable. 0 1992 Academic press, IW 
1. INTRODUCTION 
A matching is a set of edges no two of which have a vertex in common. 
A matching is called a perfect matching if every vertex is contained in some 
edge of the matching. If G is a connected graph having at least 2n + 2 ver- 
tices that contains a matching of size n and every such matching is con- 
tained in a perfect matching, then G is said to be n-extendable. This concept 
has been explored in a variety of ways including extending subpermutation 
matrices and completing latin squares [3]. This paper is motivated by the 
work of M. D. Plummer [ 141 who posed the problem of determining the 
smallest integer p(C) such that no graph embeddable in the surface C is 
p(C)-extendable. We call ,u(C) the matching extendability of C. 
The main result (Theorem 2) of this paper is that, if Z is not 
homeomorphic to the sphere, the matching extendability of Z is given by 
the formula p(C) = 2 + LJ4-2% J where x is the Euler characteristic of Z. 
This completely solves the problem raised by Plummer [ 141. In particular, 
no projective planar graph is 3-extendable. 
The proof of Theorem 2 has two parts. The proof of the upper bound 
relies on some topological considerations which are discussed in Section 2. 
The lower bound is established for infinitely many surfaces by producing a 
graph embeddable in the surface ,Z but that is (p(Z) - 1 )-extendable. For 
the remaining cases, equality follows from the monotonicity of p. The 
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graphs we produce are actually complete bipartite graphs and are used in 
Section 3 to show that the matching extendability p’(C) of any surface C 
with respect to graphs of girth at least 4 is given by the formula 
p’(Z) = 2 + LJq1. Consequently, p(Z) = p’(L) for every surface C 
which is not homeomorphic to the sphere. 
The reader may wish to consult Beineke and White [l] for an intro- 
duction to various concepts associated with embeddings. The rest of our 
terminology is the same as for Bondy and Murty [2]. In particular, we use 
v(G) and E(G) (v and E for short) to represent the number of vertices and 
edges in a graph G. We use N(u) to denote the neighbor set of a vertex u 
and d(v) for the degree of u (i.e., the cardinality of N(u)). The minimum 
degree 6(G) of G is the minimum degree d(u) over all vertices u. 
2. MINIMAL EMBEDDINGS AND EULER CONTRIBUTIONS 
A surface is a connected, 2-manifold with a (possibly empty) boundary. 
It is customary to use S,, to denote the surface obtained by adding h > 0 
handles to the sphere and to use Nk to denote the surface obtained by 
adding k > 0 crosscaps to the sphere. A fundamental theorem of topology 
states that every surface Z is homeomorphic to one and only one of the 
standard surfaces So, S,, N,, Sa, N,, . . . . If C is homeomorphic to S, for 
some integer h, then the orientable genus of C is defined to be h and C is 
called orientable; otherwise, C is called nonorientable, Z is homeomorphic 
to N,+ for some k > 0, and the nonorientable genus of C is k. We use x(Z) 
to denote the Euler characteristic of 2. Hence, x(,X) = 2 - 2h if C is 
homeomorphic to S, and x(C) = 2 -k if C is homeomorphic to N,. 
If a connected graph is embedded in a surface C, then the complement 
of its image relative to Z is a collection of connected, open sets called faces. 
The number of faces is denoted by &G + C) or simply 4. If each face 
is homeomorphic to an open disc, then the embedding is said to be a 
2-cell (or cellular) embedding. The orientable genus y(G) of a graph G 
is the smallest integer h such that G is embeddable in Sh, and any such 
embedding is called an orientably minimal embedding; by analogy, the 
nonorientable genus y(G) of G and a nonorientably minimal embedding of 
G are defined using Nk; since k = 0 is not allowed, every planar graph has 
nonorientable genus equal to one. There is a well-known theorem by 
Youngs [17] which states that every orientably minimal embedding of a 
graph is cellular. A more recent result by Parsons et al. [ 1 I] implies that 
every connected graph which is not a tree has a cellular embedding which 
is nonorientably minimal. Similar results were obtained by Kagno [6] who 
showed that if an embedding G + C of a connected graph G is not a 2-cell 
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embedding then there is a 2-cell embedding of G in a surface of larger Euler 
characteristic. It follows that an embedding G + Nk must be a 2-cell 
embedding whenever k = y(G) < 2?(G). What we need from these results is 
summarized in the following two lemmas. 
LEMMA 2.1. Every orientably minimal and some nonorientably minimal 
embedding of any a-connected graph is a 2-cell embedding. 
LEMMA 2.2. Let G be a connected graph with y”(G) < 2y(G). Then every 
nonorientably minimal embedding of G is a 2-cell embedding. 
The theory of Euler contributions began with Euler’s polyhedron 
formula in 1750 which was later generalized by others to the now familiar 
formula v - E + 4 = 2 for connected graphs of (orientable) genus 0. In 1940 
Lebesgue [7] showed that certain corollaries of Euler’s formula could be 
significantly improved by associating certain numbers with the face angles 
of a polyhedron and investigating how the faces containing special vertices 
“contribute” to certain predefined sums. Evidently, Ore [S] was the first to 
call this approach the theory of Euler contribution, and it was generalized 
to other orientable surfaces by Plummer [ 141. The remainder of this 
section generalizes the theory to the nonorientable case and summarizes 
certain aspects of this theory which will be of use in our study of matching 
extendability. 
Let G be a graph, and for some embedding of G let xi(v) denote the size 
of the ith face Fi(u) containing vertex u (i.e., the length of a boundary walk 
of F,(v)). Often the vertex label is understood or unimportant, and so we 
usually write xi for xi(v). Also, the faces are labeled so that the xis occur 
in nondecreasing order. The d(u)-tuple (xi, . . . . xdCU,) is called the face con- 
figuration vector at U. The Euler contribution of v is given by the formula 
The following result extends Lemma 2.1 of Plummer [ 141. The proofs are 
identical, 
LEMMA 2.3 (Euler’s Formula). If G + 2 is a cellular embedding of a 
connected graph G, then C, Q(v) = v -E + 4 = x(Z). 
For any embedding G + C of a graph G, a vertex u is said to be a control 
point of the embedding if G(u) > x(C)/v. By Lemma 2.3 the average value 
of the function CD is x(C)/v (at least for cellular embeddings), and so we 
have the following result. 
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LEMMA 2.4. Every orientably minimal and some nonorientably minimal 
embedding of every 2-connected graph has a control point. 
LEMMA 2.5. Let G + C be an embedding of a connected graph G with 
v > 3. Then d(v) < 6 - 6x(C)/v for every control point v. 
Proof Since G has no loops or multiple edges, xi(v) > 3 for all i. Hence, 
x( C)/v < @ < 1 - d( v)/2 + d( v)/3 = 1 - d( v)/6. 1 
The next result follows immediately from the definition of @J(V) and the 
definition of a control point. 
LEMMA 2.6. If v is a control point of some embedding G -+ z, then 
pa x(V 40) 
j=l Xl 
T+T-l. 
We will take advantage of these constraints in Section 4, but first we 
must establish some preliminary results about a special class of graphs. 
3. EXTENDABILITY WITH GIRTH 
Consider the mathing extandability p’(z) of a surface z with respect to 
graphs with girth at least 4. Notice that the complete bipartite graph 
K n+l,n+l is n-extendable with minimum degree n + 1. In fact the following 
results of Plummer [12] implies that every n-extendable graph has 
minimum degree at least n + 1. 
LEMMA 3.1. Every n-extendable graph is (n + l)-connected. 
Since the girth is at least 4, we have 44 < 2s. Likewise vS < 2.5. Combin- 
ing these with Euler’s formula v - E + 4 = 2 - 2h we get h > 1 + v(6 - 4)/8. 
Now, v > 2n+2 and 6 >n + 1. Substituting this into the preceding 
inequality and solving for n gives n < 1 + 2 ,,& Thus p’(Sh) < 2 + L2 &_I. 
On the other hand, for every hE {L(n-1)*/4J:nEZ,} where 
I,={1,2,3,...},thegraphK,+,,.+,withn=l+L2~jis(l+L2~J)- 
extendable and y( K, + 1, n + , ) = h. Hence, $(SL) = 2 + L2 4 J for all 
hE {[(n- 1)*/4]: n E I, }. Furthermore, one can easily show that 
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for 
since $ is monotone, we have $(S,) = 2 + L2 &J for every orientable 
surface S,. The same method yields a similar formula for nonorientable 
surfaces. 
THEOREM 1. The matching extendability of every surface C with respect 
to graphs with girth at least 4 is given by the formula p’(C) = 
2+LJ=im. 
4. EXTENDABILITY WITHOUT GIRTH 
In this section we determine the matching extendability p(C) of a 
surface C# S, with no constraint on the girth. Since our graphs will be 
2-connected, each face will have size at least 3 (i.e., xi> 3) and the 
Diophantine inequality obtained from Lemma 2.6 is used in several proofs 
to constrain the size of faces constaining a control point v. Assuming 
the extendability of the surface is large, these constraints will imply the 
existence of a large number of triangular faces containing u and this in turn 
will imply the existence of a large matching in the graph induced by N(v). 
From this perspective, the following lemma is crucial to this approach. 
LEMMA 4.1. Let v be a vertex of degree n + t in an n-extendable graph G. 
Then G[N(v)] does not contain a matching of size t. 
Proof. By contradiction, there is a smallest integer t for which the 
statement is false. Clearly 16 t <n and n > 2. Let xy be some edge of a 
matching Mu {xy} of size tin G[N(v)], and let H=G-x-y. Then His 
connected because G is 3-connected (Lemma 3.1). From this it follows that 
H is (n - 1 )-extendable, and so H is n-connected and 6(H) > n. Hence, 1 < t 
because, otherwise, dH(u) = n - 1. Now H[N,(u)] contains M which is a 
matching of size t - 1, and d”(v) =n- 1. Now Z-Z[N,(v)] contains M 
which is a matching of size t - 1, and dH( u) = (n - 1) + (t - 1) contradicting 
the minimality of t. [ 
In [ 131 it is shown that ,u(&) = 3; however, we can improve this result 
by showing that ,u(N,) = 3. (Recall that by our definition the nonorientable 
genus of every planar graph is one.) To see that p(N,) 2 3 observe that 
there are 2-extendable planar graphs. In fact, there are nonplanar graphs of 
nonorientable genus one which are2-extendable (i.e., K,‘and K,,,). 
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PROPOSITION 4.2. Let G be a connected graph with y(G) = 1. Then G is 
not 3-extendable. 
Proof Assume the statement is false, and let v be a control point of 
some cellular embedding G -+ N,. Since va 8 and x(N,) = 1, d(v)< 5 
(Lemma 2.5). Since G is 4-connected (Lemma 3.1), d(v) > 4. If d(v) = 5, 
then x5= I l/x, > 3/2 and hence xi = x2 = xj = x4 = 3 (Lemma 2.6) which 
contradicts Lemma 4.1 with n = 3 and t = 2. Thus, d(v) = 4 and 
x4=, l/xi> 1 which . imp ies xi = 3, a contradiction to Lemma 4.1 with 1’ 
n=3 and t= 1. 1 
For graphs that have an orientably minimal embedding in the torus or 
a nonorientably minimal embedding in the Klein bottle, we can say much 
more. 
PROPOSITION 4.3. Let G be a 3-extendable graph with y(G) = 1 or 
y”(G) = 2. Then G is 4-regular and every embedding of G in S, or N, (respec- 
tively) is 4-face-regular. 
ProojI By Lemma 3.1, G is 4-connected and hence 6(G) > 4. Let G + C 
be an embedding of G in Si or N,. Then every such embedding is cellular 
(Lemmas 2.1 and 2.2), G -+ C has a control point v (Lemma 2.4), and 
d(v) < 6 (Lemma 2.5). If d(v) = 6, Lemma 2.6 implies that x, = 
x2 = ... =x6 = 3, and so G[N(v)] contains a matching of size 3 contra- 
dicting Lemma 4.1 with n = 3 and t = 3. If d(v) = 5, then C;= i l/x, > 3/2; so 
x, =x2 =x3 = 3, and G[N(o)] contains a matching of size 2 contradicting 
Lemma 4.1 with n = 3 and t = 2. Thus, every control point of G has 
degree 4 and G is not 4-extendable (Lemma 3.1). Moreover, the only 
solutions to the Diophantine inequality x4= i l/x,2 1 have xi = 3 or 
x1 = x2 = x3 = xq = 4. If x1 = 3, G is not 3-extendable (Lemma 4.1), a con- 
tradiction. Therefore, every face containing a control point v is of size 4, 
and Q(v) = 0. Since C, Q(v) = 0, every vertex is a control point and the 
proof is complete. 1 
To see that Proposition 4.3 is best possible, observe that there are 
3-extendable graphs G with y(G) = 1 or y(G) = 2 (for example, y(&) = 2). 
Thus, p(S,) = p(NZ) = 4. 
PROPOSITION 4.4. Let G be a graph with y(G) = 3. Then G is not 
4-extendable. 
Proof: Assume (reductio ad absurdum) that G is 4-extendable, and let 
v be a control point of an embedding G +.Z of G in a surface C with 
x(C) = - 1. Since v> 10, d(v)<6 (Lemma 2.5). Since G is 5-connected 
(Lemma 3.1) d(v) 2 5. For d(v)= 6 it follows that cf=, l/xi>, 19/10 
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(Lemma 2.6) and hence x1 = . . = x5 = 3 which contradicts Lemma 4.1 
with n = 4. If d(u) = 5, then C:= 1 l/x, > 7/5 and so x, = 3 which contradicts 
Lemma 4.1 with n = 4. 1 
Plummer [14] showed that 
p&)2+ 
18(/l - 1) 
2 7+J148h-47 
for h > 0; hence, p(S,) < 5. From the previous proofs it should be 
straightforward to verify the next two propositions. 
PROPOSITION 4.5. Let G be a graph with y(G)= 2 or y”(G)=4. Then G is 
not 4-extendable. 
PROPOSITION 4.6. Let G be a graph with y(G) = 5. Then G is not 
5-extendable. 
Case y(G) =2 of Proposition 4.5 was proved in [4] where it was also 
shown that ,u(S,) = 4. Since f(Q) = 3 and Q4 is 3-extendable, @(A’,) = 4. 
Similarly, p(N5) = 5 because y’(K,,,) = 5. Since p(Nk) is nondecreasing, 
PW3) = 4. 
THEOREM 2. The matching extendability of any surface Z # SO is given 
bv the formula p(C) = 2 + Ld-2x(c)J. 
Prooj From Theorem 1 it suffices to show that, if a graph G has an 
embedding in a surface C of characteristic x, then G is not n-extendable 
where n = 2+ L,/G_1. Assume (reductio ad absurdum) that G is 
n-extendable. Then G is 2-connected (Lemma 3.1), and G has a 2-cell 
embedding G -+ Z in Z. Let u be a control point of G + Z. If there are x 
triangular faces at v and d(u) = y, then G[N(u)] contains a matching of 
size l-x/2] and G is not (.v - [x/2])-extendable (Lemma 4.1). Since G is 
n-extendable, v > 2n + 2 = 6 + 2L,/q J. From the previous propositions, 
x d -4. Combining this with Lemma 2.6 we obtain an upper bound for the 
degree of u in terms of the Euler characteristic. 
Hence, 
y<;+4- 2% 
3 + LJcm’ 
582b/54’1-IO 
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Thus far, we have a system of linear inequalities in the variables x and y: 
Odx<y,5<y, and ydx/3+c where c=4-2~/(3+Ld-J. Notice 
that c 2 5 since x < - 4. With these constraints, the maximum value of the 
function y - x/2 must occur at one of the extreme points (0, c), (3c/2, 3c/2), 
(5, 5), (0, 5). This value is c, and y- [x/2] < y-xx/2 d c. Since G is not 
Lc J-extendable and G is n-extendable, we have Lc J > n. In other words, 
1 4- 2x 3 + LJ=il 1 ,2+LJ4-2xJ 
which is the final contradiction. [ 
5. RELATED PROBLEMS 
Tutte [16] proved that every 4-connected planar graph is hamiltonian. 
This was improved by Thomassen [ 151 who showed that every such graph 
is hamiltonian-connected. Perhaps the techniques of this paper can be used 
to obtain results on the existence of k-factors, long cycles, or hamiltonian 
cycles in graphs embeddable in any given surface. With this in mind we 
present the following problems which are still open. 
Conjecture 1 (Griinbaum [S] and Nash-Williams [lo]. Every 4-con- 
netted toroidal graph is hamiltonian. 
Conjecture 2 (Molluzzo [9]). Every 6-connected toroidal graph is 
hamiltonian-connected. 
Conjecture 3 (Griinbaum [S]). Every 4-connected graph embeddable 
in the projective plane is hamiltonian. 
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